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e gases, interfae dynamis, and quenhed
disorder eets on density proles and urrents
S.L.A. de Queiroz
∗
Instituto de Físia, Universidade Federal do Rio de Janeiro,
Caixa Postal 68528, 21941-972 Rio de Janeiro RJ, Brazil
R. B. Stinhombe
†
Rudolf Peierls Centre for Theoretial Physis, University of Oxford,
1 Keble Road, Oxford OX1 3NP, United Kingdom
(Dated: November 7, 2018)
Properties of the one-dimensional totally asymmetri simple exlusion proess (TASEP), and
their onnetion with the dynamial saling of moving interfaes desribed by a Kardar-Parisi-
Zhang (KPZ) equation are investigated. With periodi boundary onditions, saling of interfae
widths (the latter dened via a disrete oupation-number-to-height mapping), gives the exponents
α = 0.500(5), z = 1.52(3), β = 0.33(1). With open boundaries, results are as follows: (i) in the
maximal-urrent phase, the exponents are the same as for the periodi ase, and in agreement with
reent Bethe ansatz results; (ii) in the low-density phase, urve ollapse an be found to a rather
good extent, with α = 0.497(3), z = 1.20(5), β = 0.41(2), whih is apparently at variane with
the Bethe ansatz predition z = 0; (iii) on the oexistene line between low- and high- density
phases, α = 0.99(1), z = 2.10(5), β = 0.47(2), in relatively good agreement with the Bethe ansatz
predition z = 2. From a mean-eld ontinuum formulation, a harateristi relaxation time, related
to kinemati-wave propagation and having an eetive exponent z′ = 1, is shown to be the limiting
slow proess for the low density phase, whih aounts for the above-mentioned disrepany with
Bethe ansatz results. For TASEP with quenhed bond disorder, interfae width saling gives α =
1.05(5), z = 1.7(1), β = 0.62(7). From a diret analyti approah to steady-state properties of
TASEP with quenhed disorder, losed-form expressions for the pieewise shape of averaged density
proles are given, as well as rather restritive bounds on urrents. All these are substantiated in
numerial simulations.
PACS numbers: 05.40.-a,02.50.-r,05.70.Fh
I. INTRODUCTION
In the absene, so far, of a general theory desrib-
ing non-equilibrium proesses (even in steady state), it
is worthwhile studying simple models whose qualitative
features, it is hoped, will hold for a broad lass of sys-
tems. In this paper we deal with properties of the one-
dimensional totally asymmetri simple exlusion proess
(TASEP) [1℄, and their onnetion with the dynamial
saling of moving interfaes desribed by a Kardar-Parisi-
Zhang (KPZ) equation [2, 3, 4℄. The TASEP is a biased
diusion proess for partiles with hard-ore repulsion
(exluded volume) [1, 5, 6℄.
Our main purpose is twofold: rst, to probe the re-
lationship between TASEP behavior and KPZ interfae
evolution under several distint onstraints, to be de-
sribed below; and, fousing espeially on systems with
quenhed disorder, to provide an aount of the eets
of frozen randomness on the density proles and urrents
in TASEP.
Upon implementing spei features on the partile
system, suh as various boundary onditions, assorted
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partile densities, urrents, and/or injetion/ejetion
rates, as well as quenhed inhomogeneities, we measure
the onsequent hanges to properties of the interfae
problem, taking the latter to be related to the former
by the onnetion whih we now sketh.
The 1+ 1 dimensional TASEP is the fundamental dis-
rete model for ow with exlusion. Here the partile
number nℓ at lattie site ℓ an be 0 or 1, and the for-
ward hopping of partiles is only to an empty adjaent
site. Taking the stohasti attempt rate p = 1 (see
later) the urrent aross the bond from ℓ to ℓ + 1 is
thus Jℓ,ℓ+1 = nℓ(1 − nℓ+1). This system maps exatly
to an interfae growth model [7℄ in D = 1 + 1, having
integer values of height variables hi(ℓ) on a new lattie
suh that i(ℓ) lies midway between sites ℓ, ℓ + 1 of the
TASEP lattie. The hi are onstrained by the relation
hi(ℓ+1) − hi(ℓ) = 1 − 2nℓ (= ±1). When not onerned
with detailed assoiations of sites between the models we
will omit the (ℓ) in i(ℓ); after ontinuum limits, (ℓ) and
i(ℓ) beome the same.
There is learly a preise one-to-one orrespondene
between these two disrete models and their stohastiity.
Various assoiated ontinuum models are not so learly
related, due to the possibility of dierent ontinuum lim-
its. A naive ontinuum limit in the TASEP gives [8, 9℄
the noisy Burgers turbulene equation [8, 10, 11℄ for one-
dimensional partile ow: this equation is the ontinu-
2ity equation resulting from a ontinuum version of the
TASEP bond urrent J , whih takes the form
J = −
1
2
∂ρ
∂x
−
(
ρ−
1
2
)2
+ ζ(x, t) +
1
4
, (1)
where ρ = 〈n〉 (i.e., the "mean eld" version of n), and
ζ(x, t) is the (unorrelated) noise here used to represent
all the eets of stohastiity: 〈ζ(x, t) ζ(x′, t′)〉 = δ(x −
x′) δ(t− t′).
Using the ontinuum "noiseless" version of the
height/oupation given above for the disrete models,
i.e.,
∂h
∂x
= 1− 2ρ , (2)
it is seen that the Burgers equation is related by a spatial
derivative to the KPZ equation [2℄ for the evolution of
the height h(x, t) of an elasti interfae above a xed
referene level:
∂h
∂t
=
∂2h
∂x2
+
(
∂h
∂x
)2
+ ζ(x, t) . (3)
Depending on boundary onditions imposed at the
extremities, one an have dierent regimes for the
TASEP [1, 6℄, whose features will be realled below where
pertinent. There should be orresponding regimes also
for KPZ, as pointed out previously [12, 13℄.
In Setion II we investigate the TASEP with periodi
boundary onditions, and the assoiated interfae prob-
lem. By examination of interfae width saling, we es-
timate the respetive ritial exponents. We also study
the behavior of asymptoti interfae widths against par-
tile density in the TASEP, as well as the main features
of interfae slope distributions and their onnetions to
TASEP properties. In Se. III, we examine the interfae
width evolution orresponding to open-boundary TASEP
systems in the following phases: (i) maximal-urrent, (ii)
low-density, and (iii) on the oexistene line. In the lat-
ter ase, we also alulate density proles in the partile
system. In Se. IV we turn to quenhed bond disorder
in the TASEP with PBC, providing a saling analysis of
the assoiated interfae widths, as well as results for in-
terfae slope distributions. A diret analyti approah
to steady-state properties of the TASEP with quenhed
disorder is given, fousing on averaged proles densities
and system-wide urrents. Finally, in Se. V, onluding
remarks are made.
II. PERIODIC BOUNDARY CONDITIONS
We start by imposing periodi boundary onditions
(PBC) for the TASEP at the ends of the hain, thus
the total number of partiles is xed. Heneforth, the
position-averaged partile density 〈ρ〉 will be denoted
simply by ρ. Several steady-state properties are known
exatly in this ase [1℄, as the onguration weights are
fatorizable at stationarity. To make ontat with KPZ
interfae properties, we onsider the width w(L, t) of an
evolving interfae of transverse size L in 1+1 dimensions
in the disrete height model outlined in Setion I. The
average interfae slope is 1 − 2ρ [ see Eq. (2) ℄, and this
average tilt must be taken into aount. This is done by
dening
[w(L, t)]
2
= L−1
L∑
i=1
(hi(t)− h1(t)− (1− 2ρ) (i− 1))
2
,
(4)
where only utuations around the baseline trend are
onsidered. Initially, w grows with time as tβ , until
a limiting, L-dependent width ∼ Lα is asymptotially
reahed. With z = α/β, one expets from saling [3, 4℄:
w(L, t) = Lα f
(
t
Lz
)
, (5)
where
f(u) =
{
uβ u≪ 1
const. u≫ 1 .
(6)
For the D = 1 + 1 KPZ model, one has the exat val-
ues [2℄: α = 1/2, β = 1/3, z = 3/2.
We have simulated the TASEP on latties with L =
325, 650, and 1300 sites with PBC. For speied den-
sities ρ, we would start from a partile onguration
as uniform as possible, in order to minimize the asso-
iated interfae width. A time step is dened as a set
of L sequential update attempts, eah of these aording
to the following rules: (1) selet a site at random, and
(2) if the hosen site is oupied and its neighbor to the
right is empty, move the partile. Thus, the stohasti
harater resides exlusively in the site seletion proess.
At the end of eah time step we measured the width
of the orresponding interfae onguration. We took
typially Ns = 10
4
independent runs, averaging the re-
spetive results for eah t. The evolution of interfae
widths for ρ = 1/2 and assorted lattie sizes is shown
in Fig. 1; the goodness of their saling with the exat
KPZ indies is typial of what is attained over the full
density range. By examining the variation of data ol-
lapse quality against hanges in the tting exponents, we
estimate α = 0.500(5), z = 1.52(3) for ρ = 1/2. Diret
measurement of the short-time exponent β is less au-
rate; for example, tting the L = 1300 data of Fig. 1 for
102 < t < 103 to a single power law gives β = 0.31(1).
The limiting (asymptoti) interfae width, wlim obeys
the ρ ↔ 1 − ρ partile-hole symmetry of the TASEP,
with a maximum at ρ = 1/2. Fig. 2 exhibits the be-
havior of wlim for ρ ≤ 1/2, and lattie size L = 325.
The leftmost data point orresponds to eight partiles,
i.e. ρ = 0.0246. For even lower densities, disrete-lattie
eets beome more prominent, and the time needed to
attain asymptoti behavior inreases signiantly.
3Figure 1: (Color online) Double-logarithmi plot of interfae
width against time, orresponding to TASEP with periodi
boundary onditions, ρ = 1/2, lattie sizes L as in key to
symbols. Full line orresponds to w ∼ t1/3. Inset: saling
plot of data on main diagram, using α = 1/2, z = 3/2; L∗ =
L/325.
From Eq. (4), using hi−hi−1 = 1−2ni−1, the squared
width is
[w(L, t)]
2
=
4
L
L∑
i=1
{
(i− 1)ρ−
i−1∑
m=1
nm
}2
. (7)
For the steady state with PBC, the ongurational
weights are fatorizable [1℄: eah nm is indepen-
dently distributed, taking values (0, 1) with probabili-
ties (ρ, 1 − ρ). Consequently, in this ase the average of[
(i − 1)ρ−
∑i−1
m=1 nm
]2
is (i−1)(ρ−ρ2), and the steady
state rms width is[
〈w(L)2〉
]1/2
= c (L− 1)1/2 [ρ(1− ρ)]1/2 , (8)
where c is a numerial onstant. This form, onsistent
with having the KPZ saling exponent α = 1/2, is om-
pared with the simulation results for averaged limiting
widths in Fig. 2.
Aording to Eq. (2), partile density utuations an
be investigated via the probability distribution funtions
(PDF) for slopes of the assoiated interfae problem. In
doing so within the ontext of a disrete-lattie model,
one must take reourse to a oarse-grained desription.
We have experimented by taking interfae segments with
a varying number m of bonds, and alulating the aver-
age slopes between the respetive endpoints. For m & 10
(the smallest pratiable limit, suh that the disrete-
ness of allowed slope values still permits one to speak of
Figure 2: (Color online) Limiting interfae width wlim against
partile density ρ for lattie with L = 325, PBC. Squares are
numerial results, from Ns = 10
4
samples eah. Error bars
are smaller than symbol sizes. The full line is the analyti
expression, Eq. (8), with a = 9.97 (see text).
a relatively smooth PDF), the urves are very lose to
Gaussians, and their width (height at peak) varies with
m as m−1/2 (m1/2).
This an be understood by realling the spei form
of the (fatorizable) partile onguration weigths in this
ase [1℄. Taking ρ as the overall density, the probability
of ourrene of a onguration with average slope s =
1− 2x (i.e., average loal density x ∈ [0, 1]), on a lattie
setion with m sites is
P (x) ∼ Cmxm ρ
mx (1− ρ)m(1−x) . (9)
Standard treatment of Eq. (9) shows that, lose to the
maximum at x = ρ, the urve shape is indeed Gaussian,
with a width proportional to m−1/2.
Having thus established the nature of the m-
dependene of slope PDFs, we have used m = 60 in our
alulations, whih gives a onvenient, almost ontinu-
ous, spetrum of allowed slopes. Results for the station-
ary state are depited in Fig. 3. One sees that the ρ = 0.5
PDF is tted by a Gaussian down to some four orders of
magnitude below the peak, while for ρ = 0.2, departures
from a Gaussian prole are notieable already at PDF
values ∼ 10−2 times those at the maximum.
We have followed the evolution of interfae slope PDFs
during the transient regime (starting from a partile dis-
tribution as uniform as possible), for ρ = 1/2. We as-
ertained that, already from early times, their shapes
are very well approximated by Gaussians. Fig. 4 shows
the (root-mean-square) widths of Gaussian ts to the
PDFs against time. It is noteworthy that, ontrary to
4Figure 3: (Color online) Slope PDFs in stationary state, lat-
tie size L = 325 with PBC, for ρ = 1/2 and 0.2. Full lines
are Gaussian ts to data.
Figure 4: (Color online) Width σ of slope distributions in
transient regime against time, for ρ = 1/2 and assorted lat-
tie sizes L with PBC. Initial partile onguration: alternate
empty and lled sites, for minimum interfae width. Full line
is strethed exponential t to data (see text). Inset shows
details of main gure, lose to the vertial axis.
the behavior of interfae widths shown in Fig. 1, here
one does not nd any signiant dependene on lattie
size. It thus appears that, even during the transient,
the range of density utuations for ρ = 1/2 is shorter
than the smallest lattie size onsidered here, L = 325.
The solid urve in Fig. 4 is a strethed exponential,
F (t) = a − b exp
{
−(t/t0)
δ
}
, for whih the best-tting
parameter values are t0 = 380(20), δ = 0.51(2).
In summary, we have shown that our methods, namely
inferring saling properties of TASEP via those of the
assoiated interfae problem, do give rather aurate re-
sults (where omparison is possible, i.e., for the sal-
ing exponents α, β, and z) in the simplest ase of a
purely stohasti system with PBC. Our results so far
are in agreement with the so-alled KPZ onjeture [9℄,
skethed in Eqs. (1)-(3) above.
III. OPEN BOUNDARY CONDITIONS
A. Numerial results
With open boundary onditions, the following addi-
tional quantities are introdued: the injetion rate αI at
the left end, and the ejetion rate βE at the right one
(both dened as frations of the internal hopping rate).
The number of partiles is no longer onstant, although
at stationarity it utuates around a well-dened aver-
age. Therefore, in order to onsider the assoiated in-
terfae widths, one needs to subtrat the instantaneous
average slope 1− 2ρ(t), in the manner of Eq. (4), at eah
time step.
Many stationary properties are known for this ase [1,
5, 6, 14, 15, 16℄, inluding the phase diagram in
(αI , βE) spae. With open boundary onditions one must
be aware that, even at stationarity, ensemble-averaged
quantities suh as densities will loally deviate from
their bulk values, within "healing" distanes from the
hain extremities whih depend on the boundary (inje-
tion/ejetion) rates.
Numerial density-matrix renormalization group
(DMRG) tehniques have been applied to estimate the
dynami exponent z for several loations on the phase
diagram [17℄. More reently [18℄, a Bethe-ansatz solution
has been provided, giving exat (analyti) preditions
for the value of z everywhere on the phase diagram.
We started by investigating the maximal-urrent (MC)
phase (J = 1/4) at αI > 1/2, βE > 1/2. The Bethe
ansatz solution [18℄ predits the KPZ value z = 3/2
there, onurrently with DMRG results [17℄. We took
αI = βE = 3/4, starting from an initial onguration
with ρ = 1/2 (in the present ase, this is the average -
nal density as well), and alternate empty and lled sites,
for minimum interfae width. The evolution of interfae
widths against time was very similar to the PBC ase,
as shown in Fig. 5, and the KPZ exponents α = 1/2,
β = 1/3, z = 3/2 were extrated within error bars of
the same order as those for PBC. We also heked the
5Figure 5: (Color online) Double-logarithmi plot of inter-
fae width against time, orresponding to TASEP with open
boundary onditions inside the maximal urrent (MC) phase,
αI = βE = 3/4. Initial density ρ = 1/2, lattie sizes L as
in key to symbols. Full line orresponds to w ∼ t1/3. Inset:
saling plot of data on main diagram, using α = 1/2, z = 3/2;
L∗ = L/325.
multiritial point αI = βE = 1/2, and found the KPZ
exponents again there, with an auray similar to that
obtained deep within the MC phase. The value z = 3/2
has been found at this point by DMRG as well [17℄.
Elsewhere on the phase diagram, a low-density phase
exists at αI < 1/2, αI < βE (with ρ = αI), and a high-
density phase at βE < 1/2, βE < αI (with ρ = 1 −
βE) [1, 5, 6, 14℄. There is a ritial oexistene line αI =
βE < 1/2, where a rst-order transition ours [1℄. The
low- and high-density phases are further subdivided [18℄.
However, suh subdivisions will not onern us diretly
here, the relevant fat being that (outside the MC phase)
the Bethe ansatz solution predits a non-vanishing gap
as L → ∞ (i.e. z = 0) everywhere (this is found by
DMRG as well [17℄), exept on the oexistene line where
diusive behavior with z = 2 is expeted [18℄.
We rst examined a point away from the oexistene
line, namely αI = 1/4, βE = 1/2 where the stationary
density is thus ρ = 1/4. Setting the initial density at
the stationary value, the time evolution of the assoiated
interfae widths is qualitatively very similar to the ases
illustrated earlier, as shown in Fig. 6; however, saling
turns out to be very dierent.
Attempting urve ollapse on the data of Fig. 6 (see
inset) gives the following estimates: α = 0.497(3), z =
1.20(5). This would imply β = 0.41(2) from saling; a
diret t of L = 1300 data for 102 < t < 103 gives
β = 0.35(1), whih is a larger disrepany ompared with
Figure 6: (Color online) Double-logarithmi plot of inter-
fae width against time, orresponding to TASEP with open
boundary onditions inside the low-density (LD) phase, αI =
1/4, βE = 1/2. Initial density ρ = 1/4, lattie sizes L as
in key to symbols. Full line orresponds to w ∼ t5/12. Inset:
saling plot of data on main diagram, using α = 1/2, z = 6/5;
L∗ = L/325.
the saling predition than, e.g., for PBC or for the MC
phase with open boundaries.
These results for α and z are inonsistent with the sal-
ing relation α + z = 2 from galilean invariane [2℄; how-
ever, it should be realled that translational invariane,
the key ingredient for galilean invariane to hold, is in
general broken by the system's boundaries here present.
The fat that α + z = 2 is obeyed for open boundary
onditions, in the MC phase αI , βE ≥ 1/2, an be ex-
plained on the basis of simple kinemati-wave theory [16℄
for the TASEP. Indeed, in this phase the kinemati waves
produed by both boundaries do not penetrate the sys-
tem [16℄, and one does not see the formation of a shok
(density wave) in the bulk whih would otherwise disrupt
the translational symmetry.
As mentioned above, both DMRG numeris [17℄ and
the Bethe ansatz solution [18℄ predit z = 0, i.e., the
orrelation length is supposed to be nite here. We de-
fer disussion, and a proposed solution, of the apparent
ontradition between our own results and previous ones,
to Subsetion III B below, where a ontinuum mean-eld
treatment of the approah to stationarity is developed.
For the moment, we note that an explanation an be pro-
vided for the limiting-width exponent α, by going bak to
Eq. (7) whih was there applied to the fatorizable-weight
ase of PBC. As seen from the development immediately
below Eq. (7), the only hanges brought about by a -
nite orrelation length (assumed to be ≪ L) amount to
6Figure 7: (Color online) Double-logarithmi plot of inter-
fae width w and overall partile density ρ against time,
orresponding to TASEP with open boundary onditions, at
αI = βE = 1/4 (on the oexistene line), lattie size L = 325,
and two distint initial densities, ρ0 = 1/4 and 1/2.
an L-independent orretion to the term within round
brakets, resulting from short-range density-density or-
relations. Thus, the L1/2 dependene of
[
〈w(L)2〉
]1/2
,
given in Eq. (8), remains valid here. This is orrobo-
rated by our numerial estimate α = 0.497(3), quoted
above.
Next, we looked at a point with αI = βE = 1/4, on the
oexistene line. In the stationary state, one expets a
low-density phase with ρ− = αI , and a high-density one
with ρ+ = 1 − βE , to oexist. We investigated the time
evolution of both interfae widths and overall densities,
with two dierent initial onditions, namely ρ0 = 1/4,
1/2 (beause of partile-hole symmetry, starting with ρ =
3/4 gives the same interfae width as for ρ = 1/4, and
a omplementary partile density). It an be seen in
Fig. 7 that with both initial onditions, the xed point
for the average density is ρ = 1/2. While, for ρ0 =
1/4, the time evolution of the assoiated interfae width
still displays the simple, monotoni, harater found in
all setups previously studied here (apart from a small
bump at early times), suh a feature is lost for ρ0 =
1/2. Though the width eventually settles at a unique
saturation value, the orresponding relaxation time is one
order of magnitude longer than elsewhere on the phase
diagram or for PBC (see the urves for L = 325 in the
respetive gures).
In order to unravel the orresponding spatial parti-
le distributions, we also looked at the time evolution of
slope PDFs at this point, for the same initial densities.
Results are depited in Fig. 8, showing that for both
Figure 8: (Color online) Slope PDFs at assorted times, for
interfaes orresponding to TASEP with open boundary on-
ditions, at αI = βE = 1/4 (on the oexistene line), lattie
size L = 325, and two distint initial densities, namely (a)
ρ0 = 1/4, and (b) ρ0 = 1/2. Key to symbols: squares, t = 150
(a), t = 50 (b); triangles, t = 500; hexagons, t = 5000; rosses,
t = 20000.
ases a double-peaked struture eventually evolves. The
peak heights indiate a large degree of spatial segregation
between the ρ0 = 1/4 and 3/4 phases. For example, in
ase (b) [initial density ρ0 = 1/2℄, at t = 20000 the peaks
assoiated to the oexisting densities are∼ 8 times higher
than the trough in the PDF at slope zero (ρ = 1/2).
We pursued this point further, via diret examination
of the evolution of averaged density proles in the par-
tile system. Results for L = 325, with initial density
ρ0 = 1/2 and initial distribution as uniform as possible
(i.e., alternating empty and oupied sites), are shown in
Fig. 9.
For t . 500, the low injetion/ejetion rates ause the
the initial plateau of uniform density to be symmetrially
eaten into, as illustrated by the t = 50 prole. After
the two density waves meet, a shok (kinemati wave) is
formed, whih for this ase of αI = βE < 1/2, is station-
ary on average [16℄, i.e., it jiggles around and is in eet
bouned o the system's boundaries. For the ensemble-
averaged densities at xed times & 500, the onsequene
of this is that the promediated proles grow ever more
featureless (beause the spread between loations of the
shok, at the same time but for dierent noise realiza-
tions, inreases with time owing to inreasing sample-to-
sample deorrelation). At t = 10000, one sees in Fig. 9
a nearly-onstant slope, i.e., the loal average density in-
reases roughly linearly with position along the system.
Looking bak at Fig. 7, however, it is apparent that a
7Figure 9: (Color online) Ensemble-averaged partile density
proles at assorted times, for TASEP with open boundary
onditions, at αI = βE = 1/4 (on the oexistene line), lattie
size L = 325, and initial density ρ0 = 1/2. Averages taken
over 104 independent samples (see text).
large degree of spatial segregation remains at stationar-
ity between the ρ = 1/4 and 3/4 phases, within eah
realization.
Finally, still on the oexistene line, we investigated the
saling properties of interfae widths. For this, we hose
the initial ondition ρ0 = 1/4 whih, as seen in Fig. 7,
results in a relatively smooth and monotoni evolution
pattern. Our data (skipping the very early stage t < 103,
for whih the small bumps referred to above make their
appearane) are displayed in Fig. 10.
Attempting urve ollapse on the data of Fig. 10
(see inset) gives the following estimates: α = 0.99(1),
z = 2.10(5). This would imply β = 0.47(2) from sal-
ing, as shown by the straight line on the main plot; a
diret t of L = 1300 data for 7 × 103 < t < 7 × 104
gives β = 0.39(1), whih again is a larger disrepany
ompared with the saling predition than in ases pre-
viously examined here.
The estimate of z from urve ollapse is roughly in
line with the Bethe ansatz predition [18℄ z = 2, though
it seems diult to streth the error bars for our data
to inlude this latter value. As regards α, our estimate
suggests that α = 1 is possibly an exat result for this
ase.
An argument an be given as follows. Going bak to
the alulation outlined, for PBC, in Eq. (7), and reall-
ing the spatial phase segregation shown in the late-time
data of Fig. 8, one sees that the dominant feature of the
interfae (partile system) is its division at a strongly
utuating interfae into two main segments with sym-
Figure 10: (Color online) Double-logarithmi plot of inter-
fae width against time, orresponding to TASEP with open
boundary onditions on the oexistene line, at αI = βE =
1/4. Initial density ρ0 = 1/4, lattie sizes L as in key to sym-
bols. Full line orresponds to w ∼ t0.47. Inset: saling plot of
data on main diagram, using α = 1, z = 2.1; L∗ = L/325.
metri slopes (low and high densities), of lengths ∝ L.
In order words, loal densities will be orrelated along
distanes of order L. This is enough to guarantee that
the mean square interfae width will depend on L2. This
argument is supported by a alulation of the size de-
pendene of the stationary mean square width. On the
oexistene line the diusing shok gives a linear average
stationary density prole (refer to the late-time urves in
Fig. 9), and this makes the large time limit of Eq. (7)
proportional to L2 (2αI − 1)
2
, onsistent with α = 1.
B. Continuum mean-eld approah
We investigate how the eets of number onservation
an inuene the approah to stationarity. We wish to
nd out whether, and under what onditions, transient
(e.g., ballisti) phenomena an our whih would mask
the underlying long-time relaxational dynamis. Deter-
mination of the exponent z via interfae width saling,
as done in Ses. II and IIIA, relies heavily upon ollaps-
ing the 'shoulders' whih mark the nal approah to sta-
tionarity, thus this method always piks out the longest
harateristi time. Therefore one may ask, for the low-
density phase with open boundary onditions, whether
the L−independent relaxation time implied by the pre-
dition z = 0 is hidden underneath a longer proess; and
whether in this senario the latter time, whih is aptured
by interfae width saling, is assoiated with features not
8so far emphasised within Bethe ansatz investigations, as
in the onnetion between ballisti motion and imaginary
parts of energies. Suh things might explain the seeming
mismath between our results and those of Ref. 18.
In the TASEP (and similar non-equilibrium ow pro-
esses) the bulk hopping proess onserves total partile
number - hene the ontinuity-equation nature of the evo-
lution equation, and the slow nature of long-wavelength
utuations of the density. With open boundaries, parti-
les an appear and leave at the hain ends, thus ausing
the total number of partiles inside to hange.
A group of partiles rossing at a boundary immedi-
ately aets the mean density and the loal density near
the boundary. Suh a group may be transferred into the
interior as a kinemati wave/moving domain wall pro-
vided the kinemati wave veloity v is non-zero and of
the right sign. A time of order L/v will be needed to
aet the loal density throughout a system of size L (as
for example is typially required to ahieve a steady state
onguration).
This argument suggests that measurements of quanti-
ties (like ones onserved in the interior) whose hanges
are boundary-indued will show harateristi times of
order L z
′
, with z′ at least unity (still slower limiting pro-
esses may also be involved, owing to intrinsi features
of the dynamis).
In order to provide a quantitative ounterpart to these
ideas, we have used a ontinuum mean-eld approah
(see, e.g., Ref. 15) in whih the system is desribed by
the noiseless Burgers/KPZ equations, linearized by the
Cole-Hopf transformation [19, 20℄. This piks up the
kinemati wave eets in the evolution of the loal den-
sity ρℓ and its mean ρ. It aptures the ballisti transport
between boundary and interior, desribed qualitatively
above, whih gives z′ = 1. In this desription the re-
dued density σℓ(t) = ρℓ(t)− 1/2 evolves like:
σℓ(t) =
∂
∂ℓ
ln{coshK(ℓ− ℓ0) e
−K2t +
+
∑
k
′
(Ak e
kℓ +Bk e
−kℓ) e−k
2t} , (10)
towards a steady state:
σℓ = K tanhK(ℓ− ℓ0) , (11)
where K and ℓ0 are deided by boundary rates (αI , βE),
K being real, exept in the MC phase where it is imag-
inary. The sum
∑′
takes are of the dierene between
initial and steady states, and (sine this dierene is de-
aying) it involves omplex k with Re (k2) > K2; this
k has to be onsistent with boundary onditions. Ak,
Bk are therefore determined by initial onditions. The
dierene typially beomes a kinemati wave or do-
main wall [5, 16, 21, 22, 23, 24, 25, 26℄. If it is kink
like, its veloity v depends as follows on oarse-grained
densities ρ<, ρ> and urrents J<, J> on either side of
the kink: v = (J< − J>)/(ρ< − ρ>). These quantities
are set by the steady-state and initial (uniform) density
proles; for smooth smallamplitude kinemati waves
v = dJ/dρ = 1 − 2ρ, and then the loal oarse-grained
density ρ is at late times set by the steady state.
For our investigations at (αI , βE) = (1/4, 1/2) the ini-
tial prole ρℓ = 1/4 has to go into the steady-state prole,
whih orresponds to K = 1/4, ℓ0 = L, and diers from
the initial one only in having an upturn (to ρL = 3/8) at
the right boundary.
The kinemati wave veloity for ρ = 1/4 is 1/2, i.e.,
positive, so there is ballisti transfer, atually of vaan-
ies at speed 1/2 from the right boundary, whih after
time t ≃ L/v = 2L produes the steady-state prole with
its upturn at the right boundary. This is orroborated
by our numerial results depited in Fig. 6. For all ases
L = 325, 650, and 1300, the interfae width at t = 2L has
reahed more than 98% of its asymptoti value. Thus,
while attempts at produing overall urve ollapse indi-
ate z′ ≃ 1.20 as quoted above, by fousing exlusively
on the saling of the 'shoulders' one gets a result muh
loser to the mean-eld value.
We also applied this piture to other ases investigated
in Subsetion IIIA, to hek for onsisteny. Results are
as follows.
For the MC phase at (αI , βE) = (3/4, 3/4), initially
ρℓ = 1/2, so v = 0 and the steady state ρℓ diers from
the average by an upturn to 2/3 at the left boundary, and
a downturn to 1/3 at the right one. So ballisti eets
are not very important; furthermore the limiting proess
is the slower "KPZ diusion" having z = 3/2.
On the oexistene line at (αI , βE) = (1/4, 1/4), two
initial densities were used: (a) ρℓ = 1/2, (b) ρℓ = 1/4.
For (a), the essential aspets are all as given in Fig. 9, i.e.,
a ballisti early evolution from the domain walls oming
in from either end, followed by the limiting slower dif-
fusive proess (z = 2). These together give rise to the
non-monotoni form in Fig. 7. For (b), the ballisti pro-
ess is eetive for a long time (of order L) during whih
the average ρ builds up, but again the limiting proess is
diusion (z = 2).
So, the mean-eld ontinuum piture is onsistent with
all our numerial results for open boundary onditions,
espeially the one where we dier from Ref. 18. In this
latter ase, the harateristi time arising from propaga-
tion of the kinemati wave is longer than the intrinsi
(L−independent) one, thus resulting in the eetive ex-
ponent z′ = 1 (for all other ases, an exponent z > 1 as-
soiated to intrinsi dynamis dominates anyway). Note
that, for this senario to work, one needs the kinemati
wave to have non-zero eetive veloity v, and (for a har-
ateristi relaxation time, proportional to L, to show up)
one also needs the kinemati wave to have to traverse a
length of order L  whether that is the ase depends on
the maximum distane from the nearest eetive bound-
ary to the plae(s) where the prole has to be adjusted.
In summary, the dierene between our results and
those of Ref. 18 is real, and interpretable as above. The
eets and interpretation may be important for other
quantities onserved in the bulk whih build up only by
9propagation from the boundaries.
IV. QUENCHED DISORDER
Quenhed disorder in the TASEP has been studied by
many authors [27, 28, 29, 30, 31, 32℄. Here, we investigate
bond disorder [29℄, i.e., while all partiles are idential,
the site-to-site hopping rates are randomly distributed.
Hereafter, we restrit ourselves to binary distributions
P (p) for the internal nearest-neighbor hopping rate p:
P (p) = ϕ δ(p− ps) + (1− ϕ) δ(p− pw) , (12)
where ps > 1/2, pw < 1/2 are assoiated, respetively, to
"strong" and "weak" bonds.
One must reall that the bond disorder introdued
above gives rise to orrelated, or "olumnar" disorder
in the assoiated interfae problem [29, 33℄. Indeed, the
(xed) value of the hopping rate at a given position x
along the partile-model axis will determine, one and
for all, the probability of the height h(x) being updated.
This is in ontrast with the usual piture of quenhed
disorder in the KPZ model [34, 35, 36, 37, 38, 39℄, where
it is assumed that the intensity of disorder is a random
funtion of the instantaneous two-dimensional position
(x, h(x)) of the interfae element at x.
In Figure 11 we show interfae width data for PBC,
ρ = 1/2, and ϕ = 1/2, ps = 0.8, pw = 0.2 in Eq. (12).
Note that the relaxation times are one order of magni-
tude longer than is usual for pure systems (in the lat-
ter ase, one must make exeption for the oexistene
line with open boundary onditions). Though the over-
all piture of a saling regime still holds, with interfae
widths evolving in a simple, monotoni way, in general
the quality of data ollapse is lower than for pure systems.
From our best t, we estimate α = 1.05(5), z = 1.7(1),
from whih saling gives β = 0.62(7). A diret t of
2×103 ≤ x ≤ 2×104 data for L = 1300 gives β = 0.56(1),
only just within the error bars predited by saling.
We have examined the stationary-state slope distribu-
tions for the interfae problem. Numerial results are
displayed in Fig. 12, together with their t by a double-
Gaussian form, Φ(x) = aG1(x)+(1−a)G2(x), where Gi
is a Gaussian entered at xi with variane σ
2
i . The best-
tting parameters give a roughly symmetri urve, with
a = 0.53(2), x1 = −0.26(1), x2 = 0.31(1), σ1 = 0.21,
σ2 = 0.18. Suh a double-peaked struture indiates
phase separation, as seen earlier for pure systems on
the oexistene line (though here this is quantitatively
milder, as the peak-to-trough ratio is ∼ 1.3, to be om-
pared to ∼ 8 in the previous ase). Phase separation
is known to be a feature of the quenhed-disordered
TASEP [27℄.
We now outline a theoretial framework for the desrip-
tion of the quenhed-disordered problem, in the spirit of
earlier work by Tripathy and Barma [27℄. The analyti
understanding of slope distributions and, partiulary, of
Figure 11: (Color online) Double-logarithmi plot of interfae
width against time, orresponding to TASEP with periodi
boundary onditions and binary quenhed disorder, with ϕ =
1/2, ps = 0.8, pw = 0.2 [see Eq. (12)℄. ρ = 1/2, lattie sizes
L as in key to symbols. Full line orresponds to w ∼ t0.61.
Inset: saling plot of data on main diagram, using α = 1.05,
z = 1.7 (see text); L∗ = L/325. Eah point is an average over
10 000 independent realizations of quenhed randomness.
Figure 12: (Color online) Slope PDF in stationary state,
orresponding to TASEP with quenhed disorder, ϕ = 1/2,
ps = 0.8, pw = 0.2 [see Eq. (12)℄. Lattie size L = 325 with
PBC, ρ = 1/2. Full line is a double Gaussian t to data
(see text). 100 independent realizations of quenhed random-
ness were used, for eah of whih samples were olleted from
3× 104 onseutive interfae ongurations.
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urrents and proles, rests on the division of the sys-
tem, for a given disorder onguration, into an alternat-
ing suession of weak-bond and strong-bond segments
(Sw and Ss) eah ontaining only bonds of one strength.
The longest weak bond segments determine the urrent
through the system. This is easily seen in a mean eld
aount of the steady state of the partile system (with
PBC). Here the onstant urrent J yields the relation
(prole map)
ρℓ+1 = 1−
J
pℓ ρℓ
, (13)
where pℓ is the hopping rate from site ℓ to ℓ+ 1, and ρℓ
is the mean oupation of site ℓ.
Throughout a weak bond segment Swn of length n
the map involves the onstant (redued) urrent J/pℓ =
J/pw ≡ Jw. The orresponding strong bond variable
is J/ps ≡ Js; Js < Jw sine ps > pw. So, within
any Swn (or S
s
n) the prole map is that of an ee-
tive pure system, whih is well known to give density
proles of kink shape, orresponding to low urrent or
high urrent: ρℓ −
1
2 = k tanh k(ℓ − ℓ0) (monotoni
inreasing) or ρℓ −
1
2 = −K tanK(ℓ − ℓ0) (monotoni
dereasing), depending on whether the redued urrent
J/p is less than or greater than 1/4. k and K are re-
lated to the redued urrent by k =
√
(1/4)− (J/p);
K =
√
(J/p)− (1/4) [32℄.
In the high urrent ase K has to be small [. O(1/L)
in a segment of size L ℄, to prevent the tangent from di-
verging and taking ρℓ outside of the permitted physi-
al range [0, 1]. In the binary random system, it is not
possible to have both weak and strong bond segments
(having respetively K = Kw, Ks) in the high urrent
'state' sine that would lead to monotonially dereas-
ing ρ for all segments. That would violate the periodi
boundary ondition requirement. It annot even apply
with open boundary onditions in a large system, be-
ause even with Ks kept small by having Js lose to 1/4,
the larger Jw would ause a large Kw, resulting in non-
physial values of ρℓ. Arguments of this sort show that
the strong bond segments Ss are all in the low urrent
phase, i.e., Js < 1/4 with density proles in eah S
s
in-
reasing monotonially. Thus, for PBC the proles in
eah Sw have to derease. That an ome about from
having Jw > 1/4, whih leads to Kw =
√
Jw − (1/4).
If the longest weak bond segment has length n0, to
prevent unphysial ρℓ's resulting from a divergene of
tanKw(ℓ − ℓ0) somewhere within that segment we must
have Kw ≤ π/n0. This gives:
1
4
≤
J
pw
.
1
4
+
(
π
n0
)2
. (14)
It is straightforward to show that the harateristi
length of weak bond segment is n ∼ ln (1/(1− ϕ)),
and the largest weak segment length is n0 ∼
lnL/ ln (1/(1− ϕ)), so the above ondition on Jw is very
Figure 13: (Color online) Upper part: time-averaged partile
density against position on setion of L = 325 system with
PBC, orresponding to TASEP with quenhed disorder, for a
xed bond onguration (seen in lower part of gure). Overall
density ρ = 1/2, ϕ = 1/2, ps = 0.9, pw = 0.1 [see Eq. (12)℄.
Average is over 4.65× 105 suessive time steps, in stationary
state. Note kink-shaped prole for 35 . x . 45, in diret or-
respondene with the longest onentration of strong bonds;
also, the high-urrent prole for 65 . x . 75, oiniding with
the longest onentration of weak bonds.
restritive, making the urrent typially J ∼ (pw/4) +
O
(
(1/ lnL)2
)
.
This is in agreement with simulation results J ≃ 0.055
and 0.029, respetively for pw = 0.2 and pw = 0.1 (both
with ρ = 1/2 on a lattie with L = 325).
A dereasing prole in eah Sw is also possible with Jw
slightly less than 1/4 sine, in addition to the kink-shaped
low urrent prole, a prole with ρℓ dereasing between
1 and (1/2) + k an result from the low urrent map.
Again the Kw that allows that is limited, leading for this
ase to J ∼ (pw/4) − O
(
(1/ lnL)2
)
. This was seen, for
example, in simulations for ρ = 0.8, where pw = 0.1
gives J ≃ 0.024. This same result an also arise from an-
other low urrent prole (having ρℓ dereasing between
(1/2)− k and zero). All these weak segment proles are
seen in simulation results, together with the harateris-
ti kink-shaped proles of the strong-bond segments (e.g.,
for pw = 0.1, ρ = 0.5 see Fig. 13, having J = 0.0297(3),
i.e., J/pw just greater than 1/4).
Loal density or slope distributions P (σ), with σ ≡
∂h/∂x, are available from the proles ρℓ, just as for
the pure ase, by using the known density-slope relation,
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Eq. (2) in:
P (σ) =
∑
segments
∫
dσℓ
δ(σ − σℓ)
| dσℓ/dℓ |
=
∑
segments
1
| dσℓ/dℓ |σℓ=σ
.
(15)
Contributions from high urrent segments give (using
σℓ = −K tanKℓ ):
C ≡
1
| dσℓ/dℓ |σℓ=σ
= 2
[
σ2 + 4K2
]−1
, (16)
while low urrent segments have ontributions
C =
{
2
[
4k2 − σ2
]−1
for |σ| < 2k
2
[
σ2 − 4k2
]−1
for |σ| > 2k .
(17)
In Eqs. (16), (17), these ontributions are superimposed
with ϕdependent weights related to their frequeny of
ourrene. Stohasti eets, missed from this aount,
ause utuations in the spatial pinning of the proles
(as for the pure ase), leading mainly to a smoothing of
the divergenes near σ = ±2k in the low urrent segment
ontributions. Quantitative omparison of these predi-
tions, e.g., to the data displayed in Fig. 12, is not entirely
appropriate, on aount of the oarse-graining introdued
by taking slope samples along segments of size m bonds
(typially m = 60, as mentioned above). Nevertheless,
one an see that some general aspets, suh as the ap-
pearane of peaks roughly equidistant from σ = 0, are
eetively mirrored in the numerial results.
V. DISCUSSION AND CONCLUSIONS
We start our disussion by realling that the thermo-
dynami limits of interfae models, suh as KPZ, and
of exlusion proesses, dier in a subtle way. Namely,
as an be seen from Eqs. (5) and (6), if one takes the
L → ∞ limit before allowing t → ∞, one is left with
a perpetual oarsening transient in whih the interfae
gets ever rougher. On the other hand, the TASEP dis-
plays a well-dened stationary state even on an innite
system. Therefore, the orrespondene of the limiting-
width regime of the former type of problem to the sta-
tionary state of the latter an be only take eet within
a nite-size saling ontext.
One one is mindful of this distintion, however, the
similarities and dierenes between two nite systems
linked by the orrespondene realled in Se. I are ex-
peted to be bona de features, whih reet objetive
onnetions between the physis of non-equilibrium ow
proesses, and that of moving interfaes in random me-
dia.
In Se. II we rst onrmed that the known KPZ ex-
ponents an be numerially extrated, with good au-
ray, from the saling of interfae widths derived from
the underlying TASEP with PBC. For a given range of
system sizes, diret evaluation of β by examination of
the transient regime of width growth against time seems
to be the least aurate proedure, whih in this ase
gave β = 0.31(1). From saling, with α = 0.500(5),
z = 1.52(3), one gets β = 0.33(1), in muh better agree-
ment with the exat β = 1/3. Measuring this exponent
diretly from the transient regime tends to result in un-
derestimation; as seen in Ses. III and IV above, suh a
trend is present in all our subsequent results, both for
open systems and for quenhed disorder. Also for PBC,
we showed that the dependene of limiting KPZ interfae
widths against TASEP partile density an be aounted
for by a treatment, whih makes expliit use of the weight
fatorization that ours for TASEP with PBC [1, 6℄. Ar-
guments based on weight fatorization provide an expla-
nation for the shape of slope distributions in the interfae
problem as well.
In Subse. III A, we rst established that open-
boundary systems in the maximal-urrent phase, hara-
terized by αI , βE ≥ 1/2, exhibit the same set of KPZ
exponents as their PBC ounterparts. For the expo-
nent z, this is in agreement with the Bethe ansatz so-
lution [18℄. Examination of interfae widths orrespond-
ing to systems in the low-density phase, with αI = 1/4,
βE = 1/2, shows that urve ollapse an be found to a
rather good extent, giving the following exponent esti-
mates: α = 0.497(3), z = 1.20(5), β = 0.41(2). This
apparent disagreement with the Bethe ansatz predi-
tion [18℄ of z = 0, whih implies a nite orrelation
length, is addressed in Subse. III B (see two paragraphs
on). We have been able to provide a predition of the
(possibly exat) interfae width exponent α = 1/2, based
on onsiderations whih make expliit use of a nite or-
relation length for the TASEP.
For systems with αI = βE < 1/2, i.e., on the oexis-
tene line of the open-boundary TASEP, interfae width
saling gave α = 0.99(1), z = 2.10(5), β = 0.47(2). We
provided a predition of α = 1 based on properties of the
orresponding TASEP, in this ase the fat that phase
separation governs the dominant features of the interfae
onguration at stationarity. Diret alulation of den-
sity proles in the partile system shows the time evo-
lution of a shok (kinemati wave). At late times, the
ensemble-averaging of loal densities tends to mask the
evidene of phase segregation, whih an, however, be
retrieved by examination of the orresponding interfae
slope PDFs.
In Subse. III B, we outlined a mean-eld ontin-
uum alulation, whih sheds additional light on the ap-
proah to stationarity in open-boundary systems. We
showed that, under suitable onditions suh as those
at (αI , βE) = (1/4, 1/2) with uniform initial density
ρℓ = 1/4, system-wide propagation of a kinemati wave
translates into a harateristi time ∝ L z
′
(z′ = 1 in
mean eld). This goes towards explaining the appar-
ent inonsisteny between our result from interfae-width
evolution, z = 1.20(5), and that from the Bethe ansatz
solution whih gives z = 0. Indeed, in that ase the
L−independent relaxation time implied by z = 0 is hid-
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den underneath a slower part of ballisti origin, and it
is the saling of the latter whih is aptured by the in-
terfae width ollapse, but not by onsiderations solely
of the real part of Bethe ansatz exitation energies. Fur-
thermore, in all other ases where our own numerial
results are onsistent with those of Ref. 18, the mean-
eld predition onurs with both. An extension of this
work has now been arried out using the more preise
domain wall method of Refs. 23, 40 on a kinklike initial
state in the massive phase [41℄. This shows learly the
ballisti element and the muh faster (size-independent)
amplitude deay, providing an independent onrmation
of the senario.
In Se. IV we investigated quenhed bond disorder in
TASEP with PBC. From the saling analysis of the or-
responding interfae widths (whih in this ase are sub-
jeted to orrelated, or "olumnar" randomness [29, 33℄)
we estimate α = 1.05(5), z = 1.7(1), β = 0.62(7).
For omparison, values quoted for β in standard, two-
dimensional quenhed disorder in D = 1+1KPZ systems
are lose to 0.63 [35, 36℄. It has been argued [36, 37℄ that
this type of KPZ model is in the universality lass of
direted perolation, thus one should have β = βDP =
0.633. Furthermore, in Ref. 37, it is shown that by vary-
ing the intensity of the various terms in the quenhed
ounterpart of Eq. (3), one an make KPZ-like sys-
tems go through distint regimes, namely: pinned, with
αP = 0.63(3), βP = 0.67(5), zP = 1.06(8); moving, with
αM = 0.75(4), βM = 0.74(6), zM = 1.01(10); and an-
nealed (i.e., fast-moving interfae), with αA = 0.50(4),
βA = 0.30(4), zA = 1.67(26). It an be seen that our
own set of estimates does not fully t into any of these,
as ould reasonably be expeted from the extreme or-
relation between quenhed defets whih is present here,
and not in those early examples.
We tested universality properties within the olumnar
disorder lass of models. This was done by replaing the
binary distribution, Eq. (12), with a ontinuous, uniform
one: P (p) = (1 − c)−1 for c < p < 1. We used c = 0.1,
thereby avoiding the problems assoiated with allowing
p = 0, see Ref. 29, while still having a rather broad dis-
tribution. Our data sale similarly to those displayed in
Figure 11 for Eq. (12). We get α = 1.05(5), z = 1.45(10)
(hene β = 0.72(7) from saling), in reasonable agree-
ment with the binary disorder ase, though error bars
for z just fail to overlap.
We also investigated slope distributions for the
quenhed disorder problem. These provide lear evidene
of phase separation, a phenomenon known to take plae
in suh irumstanes [27℄.
A diret analyti (mean-eld) approah to steady-state
properties of TASEP with quenhed disorder produed
losed-form expressions for the pieewise shape of aver-
aged proles densities, as well as rather restritive bounds
on urrents. All these have been veried in our numeri-
al simulations. The analyti approah is similar to that
of Ref. 27, where it was already shown that a mean eld
desription applies, and to part of Ref. 32. In plae of the
maximum urrent priniple used in Ref. 27 we have ob-
tained analyti onsequenes of the mean eld mapping
within segments and ombined them with segment prob-
abilities to obtain new results, partiularly for proles
and limiting urrents.
We note that, for weak randomness, haraterized by
a small value of a disorder parameter ε [this ould be,
e.g., ps−pw in Eq. (12)℄, and steady state onditions, the
noiseless (mean-eld) onstant urrent ondition gives an
equation for σ ≡ ∂h/∂x in the form:
ε ζ(x) =
∂σ
∂x
+ σ2 , (18)
where ζ(x) is a quenhed variable orresponding to ran-
dom bond disorder. Eq. (18) has the same struture as
that found for equations governing the evolution of lo-
al Lyapunov exponents for Heisenberg-Mattis spin glass
hains [42, 43℄. To see the orrespondene, refer, e.g., to
Equation (14) of Ref. 43, substituting ε for (low) magnon
frequeny ω. So one an, in priniple, adopt the same
type of Fokker-Plank proedures to nd distributions of
σ in Burgers-like equations, and hene of slope distribu-
tions in KPZ systems.
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